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1. Introduction

Let K be a convex body (i.e., a compact convex set with non-empty interior) in the n-
dimensional Euclidean space R™. The centroid (also called center of mass or barycenter) of K

1 n
c(K):,Hn(K)/de’H (x),

where H™ denotes the n-dimensional Hausdorff measure. A hyperplane section of K is a set
K N H, where H is a hyperplane in R” and " '(K N H) > 0. So, the centroid of K N H is

¢«KNH)= M/KQH:L‘JH”_I(J:).

A classical result using topology asserts that every planar convex body K C R? has at least

is the point

three hyperplane sections whose centroids coincide with the centroid ¢(K) of K, see Bose [2]
and Ehrhart [4]. This led Griinbaum to ask whether the same phenomenon persists in arbitrary
dimension [9, p. 41] in 1961.

Problem 1 (Griinbaum). Let K be a convex body in R™. Do there exist at least n+1 hyperplane
sections whose centroids coincide with c¢(K)?

In 1965, Loewner asked for the largest integer that can replace n+1 in the Griinbaum problem
[5, Problem 28].

Problem 2 (Loewner). For each integer n > 2, define u(n) as the largest integer with the
property that every convex body K C R™ admits at least u(n) hyperplane sections whose centroids
coincide with ¢(K). What is the value of u(n)?
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Hence, the Griinbaum problem asks whether p(n) > n + 1 always holds and the classical
topological result is interpreted as p(2) > 3. By contrast, topological arguments only lead to a
lower bound p(n) > 1 for dimensions n > 3, see Section 2.

The discrepancy between the known lower bound p(n) > 1 and Griinbaum’s conjectured lower
bound u(n) > n + 1 persisted for a long time, until Myroshnychenko, Tatarko and Yaskin [17]
recently disproved the Griinbaum conjecture in dimensions n > 5. More precisely, they proved in
[17] that p(n) = 1 for all n > 5 by using non-intersection bodies. Since non-intersection bodies
do not exist in dimensions 3 and 4 (see Gardner [7] and Zhang [23]), their approach cannot cover
dimensions 3 and 4. Despite this, they conjectured that p(3) = p(4) =1 as well [17, Remark 1].

It is interesting that Huang, Myroshnychenko, Tatarko and Yaskin [13] very recently studied
a hyperbolic analogue pyp of i, and proved that pyp(2) = 3 and ppyp(n) = 1 for all n > 3 by
using the existence of hyperbolic analogues of non-intersection bodies established by Yaskin [22].

In this article, we prove that p(n) < 1 for all dimensions n > 3. This, together with established

results, provides a complete solution to the Griinbaum-Loewner problems.

Theorem 1.1. For each n > 3, there exists a smooth strictly convex body K in R™ for which
exactly one hyperplane section has centroid c(K). Therefore,

p(n) = {3’ ne

1, n>3.

In the present article, a convex body K in R" is called smooth if 0K is a C°° submanifold
of R™; it is called strictly convex if for all distinct z,y € K and every A € (0,1), one has
A+ (1 -y eint K.

We now briefly outline the key ideas underlying the proof of the main results.

First, for a convex body K in R, its half-space volume function is Ag : S*~F — R,

Ag(u) =H" (K N{z € R": (x — ¢(K),u) >0}), weS"

where S"~! is the unit sphere of R”. Here and throughout this article, {-,-) denotes the standard
inner product in R™. Suppose the centroid ¢(K) of K is at the origin 0. Then Ag has the
property that its critical points are precisely the normal vectors to hyperplane sections whose
centroids lie at the origin o (Lemma 2.1). Thus, to prove Theorem 1.1, it suffices to exhibit a
convex body K for which Ax possesses exactly two antipodal critical points.

Second, we invoke the hemispherical transform T, which links the half-space volume function
Ak to the radial function pg of K by

1
Ag = = T(p},
K n (pK)v

where pg (u) = sup{A > 0: \u € K}, u € S 1. We prove that T is an isomorphism on the space
of smooth odd functions on S"~!, and that the degree-one spherical-harmonic component of T f
vanishes if and only if the degree-one spherical-harmonic component of f vanishes (Proposition
3.1). So, if we can find a smooth odd Morse function f on S"~! with exactly two critical points



and no degree-one component, then solving Th = f gives a smooth odd function h with no
degree-one component.
Third, for small € € R define

K.={ru: 0<r<(1+eh(u)/" esn 1.

The absence of the degree-one component in h ensures that ¢(K.) = o, while the expansion of
Af. shows that its zeroth-order term is constant and that its rescaled first-order term converges
to f in C? as ¢ — 0. The stability of Morse functions (Proposition 3.6) then implies that A,
has the same number of critical points as f, which is two. Consequently, K. has exactly one
hyperplane section whose centroid agrees with ¢(K.), as desired.

Finally, it remains to construct such a Morse function f. This is accomplished by twisting a
height function on the unit sphere S*~!; the details are given in Lemma 3.9.

Remark 1.2. Grimbaum [9] further posed a weaker question: does every convex body K C R"
contain a point p € int K that serves as the centroid of at least n 4+ 1 hyperplane sections of
K? Problem 1 then asks whether we may take p = ¢(K) in this statement. Griinbaum claimed
a proof of this weaker statement in [10, Sec. 6.2]; however, Patdkové, Tancer and Wagner [18]
found a substantive flaw in his argument. Nonetheless, the same authors [18] showed that the
weaker statement does hold in dimension n = 3. The cases n > 4 remain open to date.

Organization of the paper. In Section 2, we collect the necessary facts about the half-space
volume function, the hemispherical transform, spherical harmonics, and perturbative estimates.
We also include a proof of the planar case u(2) = 3 in Section 2 for completeness. In Section
3, we first prove that the hemispherical transform is an isomorphism on smooth odd functions
and is bounded on C* functions. We then establish a stability result of Morse functions under
C? perturbations, and lastly prove Theorem 1.1.

Acknowledgments. The results in this paper are obtained independently and simultane-
ously by Shouda Wang (at Princeton University) and by Ge Xiong and Kaiwen Yang (at Tongji
University in Shanghai). The first author thanks Vlad Yaskin for his comments on an earlier
draft. The research of the last two authors was supported by NSFC No. 12271407.

2. Preliminaries

Let K be a convex body in R™ with centroid ¢(K). For u € S*~!, write
ut ={z e R": (z,u) =0} and ul+c(K)={z+c(K):zecul}.

Then KN(ut+c(K)) is a hyperplane section passing through the centroid ¢(K). For the purpose
of studying the Griinbaum-Loewner centroid problems, we naturally restrict our attention to
such hyperplane sections.

For a smooth convex body K in R”, its radial function px € C*°(S"1). If K is a smooth
convex body with positive Gauss curvature everywhere, then K is strictly convex.
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2.1. The half-space volume function and the hemispherical transform.

A crucial ingredient of our approach is the following formula (see, e.g., Haddad, Jiménez and
Villa [12, Lemma 8], and Patdkova, Tancer and Wagner [18, Prop. 11]) for the half-space volume
function Ag(u) = H"(KN{z € R": (x — ¢(K),u) > 0}).

Lemma 2.1. If K C R" is a convex body with ¢(K) = 0 and v € S"~ !, then Ak is of class C!

and its directional derivative in v € T,S" ' = ut at u is

Dy Ax () = / (@, ) dH" ().

Knut

Consequently, u is a critical point of Ax if and only if c(K Nut) = ¢(K) = o.

Since Ag(—u) = H"(K) — Ag(u) for all u € S*~L, it follows that the critical points of Ay
come in antipodal pairs.

The well-known bound p(n) > 1 is an immediate consequence of Lemma 2.1 (see Griinbaum [9,
Theorem 1], Meyer and Reisner [15, Lemma 8|, or Steinhaus [21, (1)]).

Lemma 2.2. Ifn > 2 and K C R" is a convex body with centroid ¢(K) = o, then there exists
a direction ug € S*"! such that ¢(K Nug) = o. In other words, u(n) > 1.

Proof. By Lemma 2.1, the function Ag is of class C'. Since S*~! is compact and has no bound-
ary, Ax attains its maximum at some direction ug € S*~! and dAk(up) = o. By Lemma 2.1
again, we have c¢(K Nug) = o = ¢(K). Equivalently, u(n) > 1. O

We next express the half-space volume function in terms of the radial function of K. The
relevant operator is the hemispherical transform, introduced by Funk [6] on S? and generalized
to arbitrary dimensions by Rubin [19]. Let 1 denote the indicator function.

Definition 2.3. The hemispherical transform of a function f € C(S"~1) is defined by
T f(u) = /SH Ly guy=0y f(0) dH" L), YV ueS"

Let K be a convex body in R™ with ¢(K) = o. Then, for every u € S*~ 1,

Ag(u) =H"(KN{z € R": (xz,u) > 0})
_ PK(H)IL n—ld d n—1 0
—/SH/O o=y dr dH""(6)
1

n n—1
- /Sn_l 100010 (0)" AH"1(0).

That is,

1
(2.1) Ag(u) = =T (u), YVueS"

n
Formula (2.1) is the bridge between the geometry of hyperplane sections and our analytic con-
struction: it allows us to control the critical points of Ax by choosing the radial function pg

through the hemispherical transform.



2.2. Spherical harmonics.

For later use, we collect some basic facts on spherical harmonics. One can refer to Groemer [8,
Section 3|, Schneider [20, Appendix|, and Dai and Xu [3] for more details.

A spherical harmonic of degree m on S"~! is the restriction to S*~! of a homogeneous harmonic
polynomial of degree m on R™. If Y}, is a spherical harmonic of degree m, then

Yi(—u) = (=1)"Y,(u) and Agn-1Yy, = —m(m+n—2)Y,,.
For n > 3, the set ™ of spherical harmonics of degree m is a finite-dimensional vector subspace
of C*°(S"™1) (and hence of L?(S"™!)), with dimension

2m+n—-2)I'(n+m—2)
Fm+1)I'(n—1)
For n =2, dim #° = 1 and dim 5™ = 2 for m > 1.

Assume the spherical harmonics are real-valued. For each m > 0, we choose an orthonormal
basis {Ymk},ivz(?m) of #™ with respect to the L? inner product on S"~! defined by

(fo)i= [ Fwglw) i (w), v f.g€ L3S,
Spherical harmonics of different degrees are orthogonal, i.e.,

(f,9) =0, YV fe* geit? k+#j,

dim ™ = N(n,m) =

and the algebraic direct sum @5°_, #™ is dense in L?(S"~!). Consequently, the collection
YVp:m=0,1,2,.... k=1,...,N(n,m)}

forms a complete orthonormal system of L2(S"~1).
Let mp @ L?(S"1) — ™ denote the orthogonal projection onto #™. With the chosen
orthonormal basis, for every f € L?(S"71), it is explicitly given by
N(n,m)

mf =Y (£, Ymp)Ympe and f=> mnf in L3(S"7).

k=1 m=0
Since spherical harmonics of odd (resp. even) degrees are odd (resp. even) functions, it follows
that f is odd if and only if 7, f = 0 for each even m.

In particular, the space 7! consists precisely of the restrictions to S”~! of all linear functions
on R™. The coordinate functions ui,...,u, (where (uy,...,u,) € S*1) form an orthogonal
basis of ##!. Thus, f € L?(S"!) has no degree-one component, i.e., its orthogonal projection
m f =0, if and only if f is orthogonal to each w;, which holds if and only if

(2.2) /STH1 w f(u) dH" (u) = 0.

2.3. Perturbative estimates.
The following lemma states that the class of smooth convex bodies with positive Gauss cur-

vature everywhere is stable under sufficiently small C? perturbation of the radial functions.



Lemma 2.4. If pg € C®(S" ') is a radial function of a smooth convex body with positive
Gauss curvature everywhere, then there exists € > 0 such that for all p € C*®(S"1) with

o — pollc2gn—1) <&, the set
K,={ru:ueS" ' 0<r<plu)}
is also a smooth conver body with positive Gauss curvature everywhere.

Proof. This is a standard perturbation argument; see, e.g., Koldobsky [14, p. 96] or Myroshny-
chenko, Tatarko and Yaskin [17, Lemma 4].
Let o;; be the standard metric on S*! and let V be its Levi-Civita connection. In local

coordinates, the second fundamental form of 0K, is

B p?0i; +2VipVjp — pVUp
Vo +[Vpl?
See Guan and Spruck [11, §2, equation (2.3)].
For p = pg, 1170 is positive definite since py is the radial function of a smooth convex body with

Hfj

positive Gauss curvature everywhere. Since S*~! is compact and II” depends continuously on p
in the C2-topology, I1” is positive definite for all p with ||p— po |2 (sn-1y < € for sufficiently small
e > 0. Therefore, K, is a smooth convex body with positive Gauss curvature everywhere.  [J

Lemma 2.5. If h € C®°(S""!) and 8 > 0, then
(14 eh)? —1— Beh|lc2gn-1y = O(e?) as ¢ — 0.

Proof. Let
o(s) =1+ —-1-8s, s>-1.
Since ¢(0) = ¢'(0) = 0, there exist 6 > 0 and a smooth function ¢» € C*°(—0,d) such that
o(s) = s%Y(s ) for |s| < 0. Let Mo = ||hl|cogn-1). If Mo = 0, the claim is trivial. Otherwise,
choose g9 = 51~. For all |e] < eg, we then have |eh(u)| < g for all w € S"~!, and therefore the
function

(14 ¢eh)? —1 — Beh = 2hip(eh)
is well defined on S™~1.

In the following, we show that \|h2¢(5h)||cz(gn_1) is bounded uniformly for || < egg. Let

Aj= sup [pD@),  j=0,12
|t]|<6/2

Then Ag, A1, Ay < 0o by ¢ € C®(—6,6). For brevity, write F. = h%(ch). Then
‘FE‘ S AOHh”%O(Sn—l) = AoMg.
Since
VE. = (2h)(ch) + eh®Y’(ch)) VA,

it follows that ||[VF.||cogn—1) is bounded uniformly for || < g¢ because h € C*°(S*"!) and
leh| < %.



Finally,
V2F. = (2¢(ch) + 4ehy)/ (eh) + e2h*Y" (eh))Vh @ Vh + (2hap(eh) + eh®y/ (eh)) V2h,

it also follows that ||V2FE||CO(SH_1) is bounded uniformly for |¢| < g.
Hence, there exists C' > 0, independent of &, such that

[ Fellc2(gn-1y < €, for all [g] < ep.
Therefore,
(1 +eh)? -1~ BshHC2(Sn,1) = |e*||Fellczn-1y < Cle|?, for all [e] < &o.
This proves the desired estimate. O

2.4. The planar case.

While the planar case p(2) = 3 will not be used in the rest of the present paper, we include
a proof for the sake of completeness. The lower bound p(2) > 3 has appeared in, among other
places, Bose [2], Ehrhart [4], and Myroshnychenko, Tatarko and Yaskin [17, Sec. 3]; the upper
bound p(2) < 3 will be proved by an explicit example.

Lemma 2.6. n(2) > 3.

Proof. Let K C R? be a convex body. Without loss of generality, assume ¢(K) = o. Write
eq = (cos a,sin ) and

9() = p(€a)® = pr(easn)’, @ €R.
Since the radial function pg is continuous, so is g. Moreover, g(a) = 0 if and only if ¢(K N
eaﬂ_w/Q) = 0. Since ¢(K) = o, the identity g(s+ 7) = —g(s) and the integration formula in polar
coordinates give, for each o € R,

a+m 27
/ g(s)esds = / px(es)desds = 3/ rdx = o.
0 K

«

So,
a+m a4+
/ g(s)(es, eayr/2) ds = / g(s)sin(s —a)ds = 0.

(e
Since sin(s — «) > 0 in (o,a + 7) and g is continuous, it follows that, for each o € R, either g

vanishes identically on [a, a + 7], or g takes both positive and negative values in (o, a + 7). If
the first alternative holds for some «, then the identity g(s+7) = —g(s) implies that g vanishes
identically on R. Consequently, either ¢ = 0 on R, or g changes sign in («,a + 7) for every
a € R

If g =0, then ¢(K N ei+7r/2) = o for every a.. Otherwise, fix s € R such that g(s) # 0.

Since g(s + m) = —g(s), there exists 0; € (s,s + m) with g(f;) = 0. Since g changes sign
in (o, + m) for each a € R, there exists 62 € (01,601 + m) with g(f2) = 0. Assume 65 is the
only zero of g in (01,6; + ). Without loss of generality, assume g > 0 in (01,62) and g < 0 in
(02,01 + 7). By g(s+ m) = —g(s), it follows that g < 0 in (61 + 7,02 + 7), and therefore g < 0



in (03,05 + ), contradicting that g changes sign in (a,a + m) for each a € R. So, there exists
05 € (61,01 + m) \ {02} with g(63) = 0.
Hence,
c(KnN 69L1+7r/2) =c(KnN ejﬁw/Q) =c(KnN e(}ﬁw/g) =o,
which implies that u(2) > 3. O
Lemma 2.7. p(2) <3.

Proof. Let S C R? be the equilateral triangle given by

2
S = m{x € R%: (z,v;) <1},
=0

27y
3

,sin 2%), j =0,1,2. Then its centroid ¢(S) = o, and its radial function

where v; = (cos
1

-~ forallueS'.
max; (u, vj)

ps(u) =

Note that the chord S Nspan{u} of S has centroid at the origin o if and only if ps(u) = ps(—u),
which holds if and only if

max(u,vj) = max(—u,vj) = —min(u, v;).
j J j

Let M = max;(u,v;) and m = min;(u,v;). Then M = —m.

If M =0, then all the (u,v;) = 0, which is impossible for v # 0. Thus M > 0, and m < 0.
Since vy + vy +vg = 0, it follows that (u,ve) + (u,v1) + (u,v2) = 0 for each u € S', and therefore
(u,vj) = 0 for some j € {0,1,2}. So, the direction u is parallel to the side of S corresponding
to v;. Since S has exactly three side directions, there are at most three distinct directions u for
which this can happen. Therefore, (2) < 3. O

3. MAIN RESULTS

This section contains the main new results of the present paper. In Section 3.1, we prove that
T is an isomorphism on the space ggd(an) of smooth odd functions on S*!. In Section 3.2,
we prove that T is a bounded operator on C*(S*~1) for each nonnegative integer k. In Section
3.3, we prove that Morse functions are stable under C?-perturbations and, in addition, that the
number of critical points is stable as well. Finally, these results lead to the proof of Theorem 1.1
in Section 3.4.

3.1. Isomorphism on the space C%5,(S"1).
Write C254(S"™1) for the space of smooth odd functions f : S"~! — R, and define C2,,,(S" 1)

even

analogously. Then C*°(S"~!) admits the direct sum decomposition

C(8") = Ca(S"™) © Cn(5"7).

even

Recall that the hemispherical transform of f € C(S*™1) is

T f(u) = /SH L0y f(0) dH" L), VY ues L
8



The action of T on even functions is very simple. Indeed, if f is even, the change of variables
0 — —0, together with dH"~1(—0) = dH"1(0), gives

Tﬂ@:;SWJﬂQMWle VuesS

which is constant. In what follows, we concentrate on the action of T on C5,(S"1).
Proposition 3.1. T : C5,4(S"™!) — C%54(S"™1) is a linear isomorphism for each n > 3.

Moreover, f € C%54(S"™1) has no degree-one spherical harmonic component if and only if T f
has none.

Proof. In [19, (2.10) and (2.14)], Rubin showed that for every odd integer m > 1 and every
spherical harmonic Y,  of degree m, TY,, . = A\, Y, &, with eigenvalues

Ay = 7r(n—2)/2(_1)(m—1)/2 I'(m/2) .
I'((m+n)/2)
Since Ay, # 0 for all odd m, T is injective on C54(S"~1). Indeed, assume f € C5,(S"1) and
N(n,m)
[= Z Z Cm,kYm,k-
m odd k=1

If T f =0, then
b )

N(n,m
Z Z Cm,k)\mYm,k =0,
m odd k=1
which forces ¢, = 0 for all m, k by the linear independence of Y, ;.. Hence, f = 0.

Next, we show that T is surjective on CS4(S"1). For any g € C25,(S™ 1), write its spherical
harmonic expansion (only odd degrees contribute) as

N(n,m)
g= Z Z gm,kYm,k-
m odd k=1

Define
N(n,m)
[= Z Z )\:nlgm,kym,k;

m odd k=1
where A, is as above and is nonzero for every odd m. We show that f € C54(S"™1). If so,
then it follows immediately that T f = g. Since only odd-degree spherical harmonics appear in
its expansion, f is odd. We aim to show that f is smooth.
Recall that on S*~! the Sobolev norm H*® for s > 0 can be characterized via spherical harmonic
coefficients (see Atkinson and Han [1, (3.98)]) by

n—2.9
lgll7 = >_ (m+ =5=) " lgmsl*

m,k
Since ¢ is smooth, it lies in the Sobolev space H*(S"~!). So the sum is finite for every s > 0.

Applying Stirling’s formula to the eigenvalues A,,, we obtain the asymptotic estimate

Am| ™2 = O(m™), asm — oo, m odd,
9



and hence also

_9\"
\)\m]_Q:O((m—i—nz )), as m — oo, m odd.

So, for any s > 0,
n—2

11 = (m 4+ =) Al 2 gl
2
m,k
n—2
=0(3 (m+=—57)""lgmal?)
m,k

= O(”g|’?{s+n/2(gn—1)) < +o0.

Thus, f € H*(S"!) for every s > 0. By the Sobolev embedding theorem on compact manifolds,
m Hs(Sn—l) _ Coo(Sn—l)
s>0

So f is smooth, and therefore f € C5,(S"™1).

Since T' Yy, 1, = A Y i, it follows that T is diagonalized by spherical harmonics. In particular,
T acts on ! as multiplication by A\; # 0. So, 71 (T f) = T(m1f) = \i71(f), which implies that
T f has no degree-one component if and only if f has no degree-one component. O

3.2. C*-boundedness.

In this part, we show that the hemispherical transform T is a bounded operator on the space
C*(S"1) for every k. To this end, we will lift T to a convolution operator and use the following
general result on the boundedness of convolution on compact Lie groups.

Lemma 3.2. Let G be a compact Lie group and v be a finite positive Borel measure on G. For
each integer k > 0, define the operator T, on C*(G) by

(T f)(€) = /G FEn)dv(n), for f € CHG), € € G.
Then T, : C*(G) — CF(Q) is bounded.

Proof. Choose a basis Xi,..., Xy of the Lie algebra of G, and let X{%, ..., Xﬁ be the corre-
sponding right-invariant vector fields. Since f € C*(G) and the right-invariant vector fields act
as differential operators of order |I|, the map

(&m) — X1 f(&n)

is continuous on the compact space G x G for every multi-index I with |I| < k. Since v is a
finite measure, the Lebesgue dominated convergence theorem gives that for all £ € G,

XFTNE) = [ XF(en v,

Since G is compact and the integral is continuous in &, it follows that X(7, f) € C%(G) for all
|I| <k, which proves that T, f € C¥(G).

10



Since the right translation £ — &n is a diffeomorphism of G onto itself, it follows that
sup (X7 f(En)] = Egg\Xﬁf(g)l = X7 flico)-
Consequently,
IXF(To )l ooy < vGNXE fllooa)-
Finally, since {X{,..., X&} forms a global frame of the tangent bundle, the standard C*
norm on G is equivalent to Z']‘SkHXﬁ(')HCO(G). Summing the above estimate over all |I| < k
yields

170 fllera < v(GIfller)-
Thus, 7, : C¥(G) — C*(G) is bounded. O

We are now ready to lift T to a convolution on SO(n) and apply Lemma 3.2.

Proposition 3.3. For every integer k > 0, there exists a constant C' = C(n, k) > 0 such that
T fllergn-1y < Cllfllorgn-ry, for each f € CH(S*).
Proof. Let G = SO(n) and let 7 : G — S"~! be given by 7(¢) = ey, where e, = (0,0,...,1).
For f € C*(S"1), define its pullback f = fom € CH(G). Let E = {0 € S" 1 : (0,e,) > 0}.
First, we construct a finite positive Borel measure v on G such that its pushforward satisfies
7w = H" . Indeed, let mg be the Haar probability measure on G. Since 7(£) = e,, identifies

S"=1 with G/SO(n — 1), the pushforward m.mg is precisely the normalized rotation-invariant

measure on S !, that is,
1

n—1
’anl(Snfl)H :

MG =
For any Borel set B C G, define
v(B) =H" 1 (S" Yme(Bnr(E)).
Then v(G) = $H"1(S""!) < oo, and for any Borel set A C "1,
m(A) = HHS" Dmg(n HANE)) =H" Y (AN E).

Thus, m.v = H" ! E.
By the SO(n)-invariance of the spherical measure and the identity m.,v = H" !|g, for any
¢ € G we have

T/ =T f(gen) = | 1@ an=0) = [ fc)an o)

= [ s(nen)dvin) = | Flem dvin) = TF©).
G G

Since 7 : G — S"! is a smooth submersion with compact fibre SO(n — 1), there exists § > 0
such that for every f € CF(S"1),

5Hﬂ|ck(0) < [ fllergn—1y < 5_1Hﬂ|ck(c)-

11



By Lemma 3.2, the operator 7, is bounded on C*(G). Thus,

IT fllonsn—y < 67T flloniay = 6 1T Flleray < 6 C'l flleray < 62C' [ fllonsnmy-
Let C = 6~2C". This completes the proof. O

3.3. Morse functions and their stability. We first recall the basic definitions; see, e.g.,
Milnor [16] for further background. Let M be a smooth manifold and f € C?(M). If df (p) = 0,
then p is called a critical point of f. Let (z*) be local coordinates around p. The Hessian of f
at p, denoted by Hessys f(p), is the symmetric bilinear form on T, M whose matrix with respect

0% f
(8$i8xﬂ' (p)) i '

A critical point p is called nondegenerate if this matrix is invertible.

to the coordinate basis (%b) is
zt P )

Definition 3.4. Let M be a smooth manifold and f € C?(M). The function f is called a Morse
function if every critical point of f is nondegenerate.

The property of being Morse is invariant under diffeomorphisms. More precisely, given a
diffeomorphism ® : N — M, a function f : M — R is Morse if and only if fo® : N — R is
Morse. Moreover, if f has critical points {p;}, then f o ® has critical points {®~(p;)}.

Our proof of Theorem 1.1 will use the stability of the number of critical points of Morse
functions under sufficiently small perturbations in the C? topology. We first establish this
stability in a local setting.

Lemma 3.5. Suppose U C R" is open and f € C*(U). If f has exactly one nondegenerate
critical point p € U, then there exist a real number § > 0 and an open ball V with p € V and
V C U, such that for every g € C*(U) satisfying ||g — fHCQ(f/) < 4, the function g has exactly
one nondegenerate critical point in V.

Proof. Without loss of generality, assume that p = 0. Since V2f(0) is nonsingular, by continuity
there exists an open ball V centered at 0 with V' C U such that V2f is nonsingular on V.
Shrinking V if necessary, we may also assume that Vf % 0 on 9V.
Step 1. Show that there is a point z € V such that = is a nondegenerate critical point of g.
By the continuity of V2f and compactness of V, we choose § > 0 small enough that for every
g € C*(U) with |g — flle2(vy < 6, the following claims (i) and (ii) hold for all ¢ € [0,1].
(i). Vf+tV(g—f) #0 on 0V;
(ii). V2f +tV2(g — f) is nondegenerate on V.
Let
F(t,x) =V f(x)+tV(g— f)(z), for (t,x)€[0,1] x V.
We aim to show that F'(1,z) = 0 for some x € V. Let

S ={t€[0,1] : there exists z € V such that F(¢,x) = 0}.
12



Clearly 0 € S since F'(0,0) = 0. In the following, we prove that S is open and closed.
Assume ty € 9, and choose xo € V such that F(ty,z¢) = 0. Then

V2 f(z0) + toV?(g — f)(z0)

is nondegenerate by the choice of 4. Since zg € V and V is open, by the implicit function
theorem, there exists a neighborhood N (tg) of to in [0, 1] such that for every t € N (ty), there
exists an x € V that solves F(t,z) = 0. So, N(ty) C S, and S is open in [0, 1].

Assume t; € S and t; — t. Choose z; € V such that F(tj,z;) = 0. By compactness, after
passing to a subsequence, r; — x € V. By continuity of F, we have F(t,z) = 0. If z € 9V, this
contradicts (i). Thus, x € V, and S is closed in [0, 1].

Hence, S is nonempty, open and closed, and therefore S = [0,1]. In particular, 1 € S, as
desired. Moreover, by (ii), the Hessian of g is nondegenerate at any critical point of g in V.

Step 2. Show that there is exactly one x € V' with Vg(z) = 0 for sufficiently small 4.

We argue by contradiction. For each m € N, assume there exists g,, € C%(U) with ||gm —
fllezry < % and two distinct points Z,, ym € V such that Vg, (zm) = Vgm(ym) = 0. Then
limy,—s00 T, = 0. Otherwise, there exists a subsequence of {x,,} converging to x € V'\ {0} with
V f(x) = 0, contradicting the assumption. Similarly, lim,,—cc ¥m = 0.

Set
Tm — Ym

B ”xm — Yml| ’

Since V is compact, V2f is uniformly continuous on V. Since ., ym — 0, we have

U, m € N.

(3.1) sup |[V2F g + tlm = ym)) = VA O)]| < wozg(max(m], lyml)) =0, a5 m = oo,

where wy2 is the modulus of continuity of V2fon V. So

[Zm — ymll

1
) = / v2.gm(ym + t(xm - ym))um dt
0

1
m

= [ 1+ 1o~ )t + O
= V2 £(0)ty, + o(1),

)

where we used |lgm — fllc2(p) < L for the second equality and (3.1) for the last equality.

However,
IV2 £ (O)umll > (V2 F(0)HITH,
where || - || is the operator norm. Hence
0 = liminf ‘ng(mm) = Vom{yim) H > [(V2F(0) 77 > 0,
M09 [Zm — Ym||
a contradiction. O

Proposition 3.6. Let M be a compact smooth manifold without boundary and let f € C?(M)
be Morse. Then there exists § > 0 such that every g € C*(M) with |g — flle2(ary < 6 is also
Morse and has exactly the same number of critical points as f.

13



Proof. The critical set of f is closed and, since f is Morse, discrete. It is therefore a compact
discrete set and hence finite. The assumption M = & first ensures that the maximum and
minimum points of f, which exist by compactness, are interior points and hence critical points.
Thus, the set of critical points is nonempty; denote it by {pi,...,p¢}, where £ > 1.

The assumption OM = @ is also used here: it guarantees that every p; has a coordinate
neighborhood modeled on an open subset of R1™ M rather than on a half-space, so that the local
stability result in Lemma 3.5 applies. Choose pairwise disjoint coordinate neighborhoods Q; of p;
such that p; is the only critical point of f in @;. Fix coordinate maps ¢; : Q; — ¢;(Q;) C RImM
with ¢;(p;) = 0, and shrink @Q); so that the Hessian of fogb;l is nondegenerate throughout ¢;(Q;).
For each j, Lemma 3.5, applied to fod>j_1, gives an open ball V; with V] C ¢j(Q;) and a number
n; > 0 such that every q € C?(¢;(Q;)) satisfying

-1

la = fod; e,y <mj
has exactly one nondegenerate critical point in V;. Since there are only finitely many charts and
restriction and pullback by each fixed coordinate map are continuous in the C? topology, there

exists do > 0 such that ||g — f[|c2(ar) < do implies all of these local inequalities with ¢ = go gb;l.
Consequently, g has exactly one nondegenerate critical point in each

Uy = 65 (V).

Let F = M\ ngl U;. If F' = &, the conclusion follows by taking 0 = dp. Otherwise, fix a
Riemannian metric on M. Since F' is compact and df does not vanish on F', we have

m = min ||df ()| > 0.

Choose d1 > 0 such that |[g— f||c2(ary) < 61 implies |[d(g—f)|lcoary < m/2. Then [|dg(x)|| > m/2
for every x € F', so g has no critical point in F'. Taking § = min{dy, d1}, we conclude that g has
exactly /£ critical points, all of which are nondegenerate. O

Remark 3.7. The fact that a sufficiently small C? perturbation of a Morse function is again
Morse is standard. For the proof of Theorem 1.1, however, we need the stronger conclusion
that the perturbation has exactly the same number of critical points. Since this strengthened
statement is not always stated explicitly in standard references, we have included a proof for
completeness.

3.4. Proof of Theorem 1.1. The central ingredient is a smooth odd Morse function on S"~!
with exactly two critical points and vanishing degree-one component. We first construct this
function and then use the hemispherical transform to build the required convex body directly

in the proof of Theorem 1.1.
Lemma 3.8. Let n > 3. There exists a smooth even function o : [—1,1] — R such that

1 .
(3.2) /‘a_ﬁwwW%mwﬁ:a
-1
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Proof. Let w(t) = (1 —t3)"=D/2 W = [ w(t)dt, and

t
t):W—l/ w(r)dr, 0<t<1.
0

Then s is smooth in (0, 1) and increasing on [0, 1], with s(0) = 0 and s(1) = 1.

D ‘ ‘
(| 1 1
l l l l l r
0 1 1 1 2 5 1
6 3 2 3 6
FIGURE 1. Graph of the function a.
Let a € C*°([0,1]) be as in Figure 1. In particular, we require that a = 0 near 0; a = 7 near

% a = 27 near 1; and

1 1
3.3 = —|.

Define a(t) = a(s(t)) for 0 <t < 1, and extend it evenly to [—1,1]. Since a is constant near
0 and 1, the extension is globally smooth. Using w(t)dt = W ds(t) and (3.3), we have

1
[ v ’“(”dt—zw/ "”)dr—2W/ dr+2W/ eilm+a() g = 0,
—1

This proves the lemma. O

—~

)=7m+a(z) for all z € [0

Now we construct the desired Morse function f. We start with an odd linear function that is
Morse with exactly two nondegenerate critical points but has a nonzero degree-one component.
We then compose it with a suitably odd diffeomorphism of the sphere, which preserves the Morse
property and the number of critical points while arranging for the first moment to vanish.

Fix n > 3. Write each point u of S*™! C R” as

u=(z1,22,y,t) ERORBR" 3 PR, a4y =1

We regard t as the altitude coordinate of u. The construction rotates the (x1,x2)-plane by an
angle a(t) determined by Lemma 3.8.

Lemma 3.9. Let n > 3. There exists a Morse function f € Cg’gd(Sn_l) which has exactly two
critical points p and —p, and satisfies [qn-1 uf(u)dH" 1 (u) = 0.

Proof. We divide the proof into two steps.
Step 1. Construct a Morse function f.

15



Let a be as in Lemma 3.8. For 6 € R, write
bo = cos@ —sinf
o= sinf cos@ )’

P Sn_l - Sn_la (I)(xla L2,Y, t) = (qboz(t) (mla :L‘Q)v Y, t)
Then @ is a smooth diffeomorphism, with inverse obtained by replacing a(t) by —a(t). Since «
is even, ® is odd. Let f be the first coordinate of @, i.e.,

Define

f(z1,22,y,t) = 21 cosa(t) — vesina(t), (z1,72,y,t) € S" .

Step 2. Show that f is the desired function.

By the construction, f = z; o ®. Since the function x; is Morse with exactly two critical
points (+e; = (£1,0,...,0)) and ® is a diffeomorphism, f = z1 o ® is Morse with precisely the
two critical points ®!(e;) and @ (—e;). Also, f is odd and smooth because both z1 and ®
are odd and smooth. It remains to prove that the first moment of f vanishes. For

U = (l’l,l’Q,y,t) € Sn_l \ {ien}v

write
(21, x2,Y)

v=(v1,...,0p-1) = Nipers
Then u; = V1 —t2v; for 1 <i<n-—1, u, =t, and

f(u) = V1 —1t2(vicosa(t) — vosinaf(t)).

c Sn—Q

So

n—

/Sni1 U f(u) dH" " (u) = /8%2 /_11 t(v1 cosa(t) — vasina(t)) (1 — 2T dt dH"2(v) = 0,
where the last equality holds because « is even; for 1 <¢<n —1,
[t d )
- /S - / 11 vi(v1 cos a(t) — vasina(t)) (1 — £2)D/2 dt a2 (o)

1
:2/ v; / (v1 cos a(t) — v sina(t)) (1 — t2) = Y/2 gt gH 2 (v) = 0,
sr—2 Jo
where the last equality follows from the real and imaginary parts of (3.2). Therefore,

/ uf(u) dH" Y (u) =0
Sn—
and the lemma follows. O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Lemmas 2.6 and 2.7 give pu(2) = 3, and Lemma 2.2 gives u(n) > 1 for
all n > 3. Tt therefore suffices to prove u(n) < 1 for n > 3. Fix n > 3. We will construct a
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family of smooth strictly convex bodies in R™ with exactly one hyperplane section whose centroid
coincides with that of the entire body, proving p(n) < 1.

Step 1. We present the construction of the desired family of convex bodies in this first step.
By Lemma 3.9, there exists a function f € f)’gd(S”_l) that is Morse, has exactly two critical
points, and satisfies

/ wf(u) dH" (u) = 0.
Sn—1
By Proposition 3.1, the hemispherical transform is an isomorphism on smooth odd functions.
Hence

h:=T7'f
is a smooth odd function on S”~!. For all sufficiently small € > 0, we have 1 4+ ¢h > 0, and we
define

(3.4) Ke={ru:ues™, 0<r < (1+eh(u)/D},

We will show that for all sufficiently small € > 0, K. has exactly one hyperplane section whose
centroid coincides with the centroid of K, itself.
Step 2. We claim that K. is smooth and strictly convex for all sufficiently small ¢ > 0.
Indeed, Lemma 2.5, applied with 8 = 1/(n + 1), gives
A+eh)/O ) =14 h 1 0@E?) in CX(S" ).
n+1
Consequently, the radial function

pr.(u) = (L+eh(u)) /")

converges to the radial function 1 of the Euclidean unit ball in the C? topology. Lemma 2.4
therefore shows that, for all sufficiently small £ > 0, K. is a smooth convex body with positive
Gauss curvature everywhere, and hence is strictly convex.

Step 3. We show that ¢(K.) = 0. The vanishing first moment of f is equivalent, by (2.2), to
the absence of a degree-one spherical harmonic component. Since T h = f, the last assertion of
Proposition 3.1 implies that h also has no degree-one component. Therefore,

(3.5) /S uh(u) dH" ) =0,

Using polar coordinates and (3.4), we obtain

/5 rdH"(z) = /Sn—l (/OpKE(U) ut" dt) dH" " (u)

_ 1 n+1 n—1

=0T e upr. (w)" dH" T (u)

— 1 n—1 —
= o /Sn_l u(l+eh(u)) dH" *(u) =0,

where the last equality follows from (3.5) and the symmetry of S*~!. Thus, ¢(K.) = 0.
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Step 4. We prove that K. has exactly one hyperplane section whose centroid coincides with
the centroid of K. itself. By formula (2.1) and Lemma 2.5, now applied with 8 =n/(n+1), the
half-space volume function of K. satisfies

AK:=%T(u+smWWH0

£

n

1
:T<1—i— 5h+R3)
n n+1

B HL(Sm) € 1

(3.6) on + . 1f + - T(Re),

where ||Re||c2gn-1) = O(e?). Define

n+1 HrL(sn !
)

€ 2n

The C? boundedness of the hemispherical transform in Proposition 3.3, together with (3.6),

yields

n+1
ne

(3.7) lge = flle2sn-1) = IT(Re)llc2sn-1) = O(e)-

Since f is Morse with exactly two critical points, S*~! is a compact smooth manifold without
boundary, and (3.7) shows that g. — f in C?(S"~!), Proposition 3.6 applies. Thus, g. has
exactly two critical points for every sufficiently small ¢ > 0. The functions ¢g. and Ak, differ
only by a positive affine rescaling, so Ak also has exactly two critical points.
For every u € S"~ 1,
A (—u) = HM(K.) — Ax(u).

Thus, the critical points of A occur in antipodal pairs. Denote the two critical points by u.
and —u.. By Lemma 2.1, both correspond to a centroidal section, and they determine the same
hyperplane uel Conversely, if an arbitrary affine hyperplane section of K. has centroid o, then
the hyperplane itself contains o and is therefore of the form v+ for some v € S* . Lemma 2.1
then forces v to be a critical point of Ax_ . Hence K. N ug- is the unique hyperplane section
whose centroid agrees with ¢(K;) = o.

O
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