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1. Introduction

Let K be a convex body (i.e., a compact convex set with non-empty interior) in the n-
dimensional Euclidean space Rn. The centroid (also called center of mass or barycenter) of K
is the point

c(K) = 1
Hn(K)

∫
K
x dHn(x),

where Hn denotes the n-dimensional Hausdorff measure. A hyperplane section of K is a set
K ∩H, where H is a hyperplane in Rn and Hn−1(K ∩H) > 0. So, the centroid of K ∩H is

c(K ∩H) = 1
Hn−1(K ∩H)

∫
K∩H

x dHn−1(x).

A classical result using topology asserts that every planar convex body K ⊆ R2 has at least
three hyperplane sections whose centroids coincide with the centroid c(K) of K, see Bose [2]
and Ehrhart [4]. This led Grünbaum to ask whether the same phenomenon persists in arbitrary
dimension [9, p. 41] in 1961.

Problem 1 (Grünbaum). Let K be a convex body in Rn. Do there exist at least n+1 hyperplane
sections whose centroids coincide with c(K)?

In 1965, Loewner asked for the largest integer that can replace n+1 in the Grünbaum problem
[5, Problem 28].

Problem 2 (Loewner). For each integer n ≥ 2, define µ(n) as the largest integer with the
property that every convex body K ⊆ Rn admits at least µ(n) hyperplane sections whose centroids
coincide with c(K). What is the value of µ(n)?

E-mail addresses: 1. shoudawang@princeton.edu; 2. xiongge@tongji.edu.cn; 3. yangkaiwen@tongji.edu.cn.
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Hence, the Grünbaum problem asks whether µ(n) ≥ n + 1 always holds and the classical
topological result is interpreted as µ(2) ≥ 3. By contrast, topological arguments only lead to a
lower bound µ(n) ≥ 1 for dimensions n ≥ 3, see Section 2.

The discrepancy between the known lower bound µ(n) ≥ 1 and Grünbaum’s conjectured lower
bound µ(n) ≥ n + 1 persisted for a long time, until Myroshnychenko, Tatarko and Yaskin [17]
recently disproved the Grünbaum conjecture in dimensions n ≥ 5. More precisely, they proved in
[17] that µ(n) = 1 for all n ≥ 5 by using non-intersection bodies. Since non-intersection bodies
do not exist in dimensions 3 and 4 (see Gardner [7] and Zhang [23]), their approach cannot cover
dimensions 3 and 4. Despite this, they conjectured that µ(3) = µ(4) = 1 as well [17, Remark 1].

It is interesting that Huang, Myroshnychenko, Tatarko and Yaskin [13] very recently studied
a hyperbolic analogue µHyp of µ, and proved that µHyp(2) = 3 and µHyp(n) = 1 for all n ≥ 3 by
using the existence of hyperbolic analogues of non-intersection bodies established by Yaskin [22].

In this article, we prove that µ(n) ≤ 1 for all dimensions n ≥ 3. This, together with established
results, provides a complete solution to the Grünbaum–Loewner problems.

Theorem 1.1. For each n ≥ 3, there exists a smooth strictly convex body K in Rn for which
exactly one hyperplane section has centroid c(K). Therefore,

µ(n) =

3, n = 2,
1, n ≥ 3.

In the present article, a convex body K in Rn is called smooth if ∂K is a C∞ submanifold
of Rn; it is called strictly convex if for all distinct x, y ∈ K and every λ ∈ (0, 1), one has
λx+ (1 − λ)y ∈ intK.

We now briefly outline the key ideas underlying the proof of the main results.
First, for a convex body K in Rn, its half-space volume function is AK : Sn−1 → R,

AK(u) = Hn(K ∩ {x ∈ Rn : ⟨x− c(K), u⟩ ≥ 0}
)
, u ∈ Sn−1,

where Sn−1 is the unit sphere of Rn. Here and throughout this article, ⟨·, ·⟩ denotes the standard
inner product in Rn. Suppose the centroid c(K) of K is at the origin o. Then AK has the
property that its critical points are precisely the normal vectors to hyperplane sections whose
centroids lie at the origin o (Lemma 2.1). Thus, to prove Theorem 1.1, it suffices to exhibit a
convex body K for which AK possesses exactly two antipodal critical points.

Second, we invoke the hemispherical transform T, which links the half-space volume function
AK to the radial function ρK of K by

AK = 1
n

T(ρn
K),

where ρK(u) = sup{λ > 0 : λu ∈ K}, u ∈ Sn−1. We prove that T is an isomorphism on the space
of smooth odd functions on Sn−1, and that the degree-one spherical-harmonic component of T f

vanishes if and only if the degree-one spherical-harmonic component of f vanishes (Proposition
3.1). So, if we can find a smooth odd Morse function f on Sn−1 with exactly two critical points
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and no degree-one component, then solving Th = f gives a smooth odd function h with no
degree-one component.

Third, for small ε ∈ R define

Kε = {ru : 0 ≤ r ≤ (1 + εh(u))1/(n+1), u ∈ Sn−1}.

The absence of the degree-one component in h ensures that c(Kε) = o, while the expansion of
AKε shows that its zeroth-order term is constant and that its rescaled first-order term converges
to f in C2 as ε → 0. The stability of Morse functions (Proposition 3.6) then implies that AKε

has the same number of critical points as f , which is two. Consequently, Kε has exactly one
hyperplane section whose centroid agrees with c(Kε), as desired.

Finally, it remains to construct such a Morse function f . This is accomplished by twisting a
height function on the unit sphere Sn−1; the details are given in Lemma 3.9.

Remark 1.2. Grünbaum [9] further posed a weaker question: does every convex body K ⊆ Rn

contain a point p ∈ intK that serves as the centroid of at least n + 1 hyperplane sections of
K? Problem 1 then asks whether we may take p = c(K) in this statement. Grünbaum claimed
a proof of this weaker statement in [10, Sec. 6.2]; however, Patáková, Tancer and Wagner [18]
found a substantive flaw in his argument. Nonetheless, the same authors [18] showed that the
weaker statement does hold in dimension n = 3. The cases n ≥ 4 remain open to date.

Organization of the paper. In Section 2, we collect the necessary facts about the half-space
volume function, the hemispherical transform, spherical harmonics, and perturbative estimates.
We also include a proof of the planar case µ(2) = 3 in Section 2 for completeness. In Section
3, we first prove that the hemispherical transform is an isomorphism on smooth odd functions
and is bounded on Ck functions. We then establish a stability result of Morse functions under
C2 perturbations, and lastly prove Theorem 1.1.

Acknowledgments. The results in this paper are obtained independently and simultane-
ously by Shouda Wang (at Princeton University) and by Ge Xiong and Kaiwen Yang (at Tongji
University in Shanghai). The first author thanks Vlad Yaskin for his comments on an earlier
draft. The research of the last two authors was supported by NSFC No. 12271407.

2. Preliminaries

Let K be a convex body in Rn with centroid c(K). For u ∈ Sn−1, write

u⊥ = {x ∈ Rn : ⟨x, u⟩ = 0} and u⊥ + c(K) = {x+ c(K) : x ∈ u⊥}.

Then K∩(u⊥+c(K)) is a hyperplane section passing through the centroid c(K). For the purpose
of studying the Grünbaum–Loewner centroid problems, we naturally restrict our attention to
such hyperplane sections.

For a smooth convex body K in Rn, its radial function ρK ∈ C∞(Sn−1). If K is a smooth
convex body with positive Gauss curvature everywhere, then K is strictly convex.
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2.1. The half-space volume function and the hemispherical transform.
A crucial ingredient of our approach is the following formula (see, e.g., Haddad, Jiménez and

Villa [12, Lemma 8], and Patáková, Tancer and Wagner [18, Prop. 11]) for the half-space volume
function AK(u) = Hn

(
K ∩ {x ∈ Rn : ⟨x− c(K), u⟩ ≥ 0}

)
.

Lemma 2.1. If K ⊆ Rn is a convex body with c(K) = o and u ∈ Sn−1, then AK is of class C1

and its directional derivative in v ∈ TuSn−1 = u⊥ at u is

DvAK(u) =
∫

K∩u⊥
⟨x, v⟩ dHn−1(x).

Consequently, u is a critical point of AK if and only if c(K ∩ u⊥) = c(K) = o.

Since AK(−u) = Hn(K) − AK(u) for all u ∈ Sn−1, it follows that the critical points of AK

come in antipodal pairs.
The well-known bound µ(n) ≥ 1 is an immediate consequence of Lemma 2.1 (see Grünbaum [9,

Theorem 1], Meyer and Reisner [15, Lemma 8], or Steinhaus [21, (1)]).

Lemma 2.2. If n ≥ 2 and K ⊆ Rn is a convex body with centroid c(K) = o, then there exists
a direction u0 ∈ Sn−1 such that c

(
K ∩ u⊥

0
)

= o. In other words, µ(n) ≥ 1.

Proof. By Lemma 2.1, the function AK is of class C1. Since Sn−1 is compact and has no bound-
ary, AK attains its maximum at some direction u0 ∈ Sn−1 and dAK(u0) = o. By Lemma 2.1
again, we have c(K ∩ u⊥

0 ) = o = c(K). Equivalently, µ(n) ≥ 1. □

We next express the half-space volume function in terms of the radial function of K. The
relevant operator is the hemispherical transform, introduced by Funk [6] on S2 and generalized
to arbitrary dimensions by Rubin [19]. Let 1 denote the indicator function.

Definition 2.3. The hemispherical transform of a function f ∈ C(Sn−1) is defined by

T f(u) =
∫
Sn−1

1{⟨θ,u⟩≥0}f(θ) dHn−1(θ), ∀ u ∈ Sn−1.

Let K be a convex body in Rn with c(K) = o. Then, for every u ∈ Sn−1,

AK(u) = Hn(K ∩ {x ∈ Rn : ⟨x, u⟩ ≥ 0}
)

=
∫
Sn−1

∫ ρK(θ)

0
1{⟨θ,u⟩≥0}r

n−1 dr dHn−1(θ)

= 1
n

∫
Sn−1

1{⟨θ,u⟩≥0}ρK(θ)n dHn−1(θ).

That is,

AK(u) = 1
n

T(ρn
K)(u), ∀ u ∈ Sn−1.(2.1)

Formula (2.1) is the bridge between the geometry of hyperplane sections and our analytic con-
struction: it allows us to control the critical points of AK by choosing the radial function ρK

through the hemispherical transform.
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2.2. Spherical harmonics.
For later use, we collect some basic facts on spherical harmonics. One can refer to Groemer [8,

Section 3], Schneider [20, Appendix], and Dai and Xu [3] for more details.
A spherical harmonic of degreem on Sn−1 is the restriction to Sn−1 of a homogeneous harmonic

polynomial of degree m on Rn. If Ym is a spherical harmonic of degree m, then

Ym(−u) = (−1)mYm(u) and ∆Sn−1Ym = −m(m+ n− 2)Ym.

For n ≥ 3, the set H m of spherical harmonics of degree m is a finite-dimensional vector subspace
of C∞(Sn−1) (and hence of L2(Sn−1)), with dimension

dim H m = N(n,m) = (2m+ n− 2)Γ(n+m− 2)
Γ(m+ 1)Γ(n− 1) .

For n = 2, dim H 0 = 1 and dim H m = 2 for m ≥ 1.
Assume the spherical harmonics are real-valued. For each m ≥ 0, we choose an orthonormal

basis {Ym,k}N(n,m)
k=1 of H m with respect to the L2 inner product on Sn−1 defined by

(f, g) :=
∫
Sn−1

f(u)g(u) dHn−1(u), ∀ f, g ∈ L2(Sn−1).

Spherical harmonics of different degrees are orthogonal, i.e.,

(f, g) = 0, ∀ f ∈ H k, g ∈ H j , k ̸= j,

and the algebraic direct sum
⊕∞

m=0 H m is dense in L2(Sn−1). Consequently, the collection

{Ym,k : m = 0, 1, 2, . . . , k = 1, . . . , N(n,m)}

forms a complete orthonormal system of L2(Sn−1).
Let πm : L2(Sn−1) → H m denote the orthogonal projection onto H m. With the chosen

orthonormal basis, for every f ∈ L2(Sn−1), it is explicitly given by

πmf =
N(n,m)∑

k=1
(f, Ym,k)Ym,k and f =

∞∑
m=0

πmf in L2(Sn−1).

Since spherical harmonics of odd (resp. even) degrees are odd (resp. even) functions, it follows
that f is odd if and only if πmf = 0 for each even m.

In particular, the space H 1 consists precisely of the restrictions to Sn−1 of all linear functions
on Rn. The coordinate functions u1, . . . , un (where (u1, . . . , un) ∈ Sn−1) form an orthogonal
basis of H 1. Thus, f ∈ L2(Sn−1) has no degree-one component, i.e., its orthogonal projection
π1f = 0, if and only if f is orthogonal to each ui, which holds if and only if

(2.2)
∫
Sn−1

u f(u) dHn−1(u) = 0.

2.3. Perturbative estimates.
The following lemma states that the class of smooth convex bodies with positive Gauss cur-

vature everywhere is stable under sufficiently small C2 perturbation of the radial functions.
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Lemma 2.4. If ρ0 ∈ C∞(Sn−1) is a radial function of a smooth convex body with positive
Gauss curvature everywhere, then there exists ε > 0 such that for all ρ ∈ C∞(Sn−1) with
∥ρ− ρ0∥C2(Sn−1) < ε, the set

Kρ = {ru : u ∈ Sn−1, 0 ≤ r ≤ ρ(u)}

is also a smooth convex body with positive Gauss curvature everywhere.

Proof. This is a standard perturbation argument; see, e.g., Koldobsky [14, p. 96] or Myroshny-
chenko, Tatarko and Yaskin [17, Lemma 4].

Let σij be the standard metric on Sn−1, and let ∇ be its Levi–Civita connection. In local
coordinates, the second fundamental form of ∂Kρ is

IIρ
ij = ρ2σij + 2∇iρ∇jρ− ρ∇ijρ√

ρ2 + |∇ρ|2
.

See Guan and Spruck [11, §2, equation (2.3)].
For ρ = ρ0, IIρ0 is positive definite since ρ0 is the radial function of a smooth convex body with

positive Gauss curvature everywhere. Since Sn−1 is compact and IIρ depends continuously on ρ
in the C2-topology, IIρ is positive definite for all ρ with ∥ρ−ρ0∥C2(Sn−1) < ε for sufficiently small
ε > 0. Therefore, Kρ is a smooth convex body with positive Gauss curvature everywhere. □

Lemma 2.5. If h ∈ C∞(Sn−1) and β > 0, then

∥(1 + εh)β − 1 − βεh∥C2(Sn−1) = O(ε2) as ε → 0.

Proof. Let
φ(s) = (1 + s)β − 1 − βs, s > −1.

Since φ(0) = φ′(0) = 0, there exist δ > 0 and a smooth function ψ ∈ C∞(−δ, δ) such that
φ(s) = s2ψ(s) for |s| < δ. Let M0 = ∥h∥C0(Sn−1). If M0 = 0, the claim is trivial. Otherwise,
choose ε0 = δ

2M0
. For all |ε| ≤ ε0, we then have |εh(u)| ≤ δ

2 for all u ∈ Sn−1, and therefore the
function

(1 + εh)β − 1 − βεh = ε2h2ψ(εh)

is well defined on Sn−1.
In the following, we show that ∥h2ψ(εh)∥C2(Sn−1) is bounded uniformly for |ε| ≤ ε0. Let

Aj = sup
|t|≤δ/2

|ψ(j)(t)|, j = 0, 1, 2.

Then A0, A1, A2 < ∞ by ψ ∈ C∞(−δ, δ). For brevity, write Fε = h2ψ(εh). Then

|Fε| ≤ A0∥h∥2
C0(Sn−1) = A0M

2
0 .

Since
∇Fε =

(
2hψ(εh) + εh2ψ′(εh)

)
∇h,

it follows that ∥∇Fε∥C0(Sn−1) is bounded uniformly for |ε| ≤ ε0 because h ∈ C∞(Sn−1) and
|εh| ≤ δ

2 .
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Finally,

∇2Fε =
(
2ψ(εh) + 4εhψ′(εh) + ε2h2ψ′′(εh)

)
∇h⊗ ∇h+

(
2hψ(εh) + εh2ψ′(εh)

)
∇2h,

it also follows that ∥∇2Fε∥C0(Sn−1) is bounded uniformly for |ε| ≤ ε0.
Hence, there exists C > 0, independent of ε, such that

∥Fε∥C2(Sn−1) ≤ C, for all |ε| ≤ ε0.

Therefore,∥∥(1 + εh)β − 1 − βεh
∥∥

C2(Sn−1) = |ε|2∥Fε∥C2(Sn−1) ≤ C|ε|2, for all |ε| ≤ ε0.

This proves the desired estimate. □

2.4. The planar case.
While the planar case µ(2) = 3 will not be used in the rest of the present paper, we include

a proof for the sake of completeness. The lower bound µ(2) ≥ 3 has appeared in, among other
places, Bose [2], Ehrhart [4], and Myroshnychenko, Tatarko and Yaskin [17, Sec. 3]; the upper
bound µ(2) ≤ 3 will be proved by an explicit example.

Lemma 2.6. µ(2) ≥ 3.

Proof. Let K ⊆ R2 be a convex body. Without loss of generality, assume c(K) = o. Write
eα = (cosα, sinα) and

g(α) = ρK(eα)3 − ρK(eα+π)3, α ∈ R.

Since the radial function ρK is continuous, so is g. Moreover, g(α) = 0 if and only if c(K ∩
e⊥

α+π/2) = o. Since c(K) = o, the identity g(s+π) = −g(s) and the integration formula in polar
coordinates give, for each α ∈ R,∫ α+π

α
g(s)es ds =

∫ 2π

0
ρK(es)3es ds = 3

∫
K
x dx = o.

So, ∫ α+π

α
g(s)⟨es, eα+π/2⟩ ds =

∫ α+π

α
g(s) sin(s− α) ds = 0.

Since sin(s − α) > 0 in (α, α + π) and g is continuous, it follows that, for each α ∈ R, either g
vanishes identically on [α, α + π], or g takes both positive and negative values in (α, α + π). If
the first alternative holds for some α, then the identity g(s+π) = −g(s) implies that g vanishes
identically on R. Consequently, either g ≡ 0 on R, or g changes sign in (α, α + π) for every
α ∈ R.

If g ≡ 0, then c(K ∩ e⊥
α+π/2) = o for every α. Otherwise, fix s ∈ R such that g(s) ̸= 0.

Since g(s + π) = −g(s), there exists θ1 ∈ (s, s + π) with g(θ1) = 0. Since g changes sign
in (α, α + π) for each α ∈ R, there exists θ2 ∈ (θ1, θ1 + π) with g(θ2) = 0. Assume θ2 is the
only zero of g in (θ1, θ1 + π). Without loss of generality, assume g > 0 in (θ1, θ2) and g < 0 in
(θ2, θ1 + π). By g(s+ π) = −g(s), it follows that g < 0 in (θ1 + π, θ2 + π), and therefore g ≤ 0
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in (θ2, θ2 + π), contradicting that g changes sign in (α, α + π) for each α ∈ R. So, there exists
θ3 ∈ (θ1, θ1 + π) \ {θ2} with g(θ3) = 0.

Hence,
c(K ∩ e⊥

θ1+π/2) = c(K ∩ e⊥
θ2+π/2) = c(K ∩ e⊥

θ3+π/2) = o,

which implies that µ(2) ≥ 3. □

Lemma 2.7. µ(2) ≤ 3.

Proof. Let S ⊆ R2 be the equilateral triangle given by

S =
2⋂

j=0
{x ∈ R2 : ⟨x, vj⟩ ≤ 1},

where vj =
(
cos 2πj

3 , sin 2πj
3

)
, j = 0, 1, 2. Then its centroid c(S) = o, and its radial function

ρS(u) = 1
maxj⟨u, vj⟩

, for all u ∈ S1.

Note that the chord S ∩ span{u} of S has centroid at the origin o if and only if ρS(u) = ρS(−u),
which holds if and only if

max
j

⟨u, vj⟩ = max
j

⟨−u, vj⟩ = − min
j

⟨u, vj⟩.

Let M = maxj⟨u, vj⟩ and m = minj⟨u, vj⟩. Then M = −m.
If M = 0, then all the ⟨u, vj⟩ = 0, which is impossible for u ̸= 0. Thus M > 0, and m < 0.

Since v0 + v1 + v2 = 0, it follows that ⟨u, v0⟩ + ⟨u, v1⟩ + ⟨u, v2⟩ = 0 for each u ∈ S1, and therefore
⟨u, vj⟩ = 0 for some j ∈ {0, 1, 2}. So, the direction u is parallel to the side of S corresponding
to vj . Since S has exactly three side directions, there are at most three distinct directions u for
which this can happen. Therefore, µ(2) ≤ 3. □

3. Main results

This section contains the main new results of the present paper. In Section 3.1, we prove that
T is an isomorphism on the space C∞

odd(Sn−1) of smooth odd functions on Sn−1. In Section 3.2,
we prove that T is a bounded operator on Ck(Sn−1) for each nonnegative integer k. In Section
3.3, we prove that Morse functions are stable under C2-perturbations and, in addition, that the
number of critical points is stable as well. Finally, these results lead to the proof of Theorem 1.1
in Section 3.4.

3.1. Isomorphism on the space C∞
odd(Sn−1).

Write C∞
odd(Sn−1) for the space of smooth odd functions f : Sn−1 → R, and define C∞

even(Sn−1)
analogously. Then C∞(Sn−1) admits the direct sum decomposition

C∞(Sn−1) = C∞
odd(Sn−1) ⊕ C∞

even(Sn−1).

Recall that the hemispherical transform of f ∈ C(Sn−1) is

T f(u) =
∫
Sn−1

1{⟨θ,u⟩≥0}f(θ) dHn−1(θ), ∀ u ∈ Sn−1.
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The action of T on even functions is very simple. Indeed, if f is even, the change of variables
θ 7→ −θ, together with dHn−1(−θ) = dHn−1(θ), gives

T f(u) = 1
2

∫
Sn−1

f(θ) dHn−1(θ), ∀ u ∈ Sn−1,

which is constant. In what follows, we concentrate on the action of T on C∞
odd(Sn−1).

Proposition 3.1. T : C∞
odd(Sn−1) −→ C∞

odd(Sn−1) is a linear isomorphism for each n ≥ 3.
Moreover, f ∈ C∞

odd(Sn−1) has no degree-one spherical harmonic component if and only if T f

has none.

Proof. In [19, (2.10) and (2.14)], Rubin showed that for every odd integer m ≥ 1 and every
spherical harmonic Ym,k of degree m, TYm,k = λmYm,k, with eigenvalues

λm = π(n−2)/2(−1)(m−1)/2 Γ(m/2)
Γ((m+ n)/2) .

Since λm ̸= 0 for all odd m, T is injective on C∞
odd(Sn−1). Indeed, assume f ∈ C∞

odd(Sn−1) and

f =
∑

m odd

N(n,m)∑
k=1

cm,kYm,k.

If T f = 0, then ∑
m odd

N(n,m)∑
k=1

cm,kλmYm,k = 0,

which forces cm,k = 0 for all m, k by the linear independence of Ym,k. Hence, f = 0.
Next, we show that T is surjective on C∞

odd(Sn−1). For any g ∈ C∞
odd(Sn−1), write its spherical

harmonic expansion (only odd degrees contribute) as

g =
∑

m odd

N(n,m)∑
k=1

gm,kYm,k.

Define

f :=
∑

m odd

N(n,m)∑
k=1

λ−1
m gm,kYm,k,

where λm is as above and is nonzero for every odd m. We show that f ∈ C∞
odd(Sn−1). If so,

then it follows immediately that T f = g. Since only odd-degree spherical harmonics appear in
its expansion, f is odd. We aim to show that f is smooth.

Recall that on Sn−1 the Sobolev normHs for s ≥ 0 can be characterized via spherical harmonic
coefficients (see Atkinson and Han [1, (3.98)]) by

∥g∥2
Hs =

∑
m,k

(
m+ n− 2

2
)2s|gm,k|2.

Since g is smooth, it lies in the Sobolev space Hs(Sn−1). So the sum is finite for every s ≥ 0.
Applying Stirling’s formula to the eigenvalues λm, we obtain the asymptotic estimate

|λm|−2 = O(mn), as m → ∞, m odd,
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and hence also
|λm|−2 = O

((
m+ n− 2

2

)n)
, as m → ∞, m odd.

So, for any s ≥ 0,

∥f∥2
Hs =

∑
m,k

(
m+ n− 2

2
)2s|λm|−2|gm,k|2

=O
(∑

m,k

(
m+ n− 2

2
)2s+n|gm,k|2

)
=O

(
∥g∥2

Hs+n/2(Sn−1)
)
< +∞.

Thus, f ∈ Hs(Sn−1) for every s ≥ 0. By the Sobolev embedding theorem on compact manifolds,⋂
s≥0

Hs(Sn−1) = C∞(Sn−1).

So f is smooth, and therefore f ∈ C∞
odd(Sn−1).

Since TYm,k = λmYm,k, it follows that T is diagonalized by spherical harmonics. In particular,
T acts on H 1 as multiplication by λ1 ̸= 0. So, π1(T f) = T(π1f) = λ1π1(f), which implies that
T f has no degree-one component if and only if f has no degree-one component. □

3.2. Ck-boundedness.
In this part, we show that the hemispherical transform T is a bounded operator on the space

Ck(Sn−1) for every k. To this end, we will lift T to a convolution operator and use the following
general result on the boundedness of convolution on compact Lie groups.

Lemma 3.2. Let G be a compact Lie group and ν be a finite positive Borel measure on G. For
each integer k ≥ 0, define the operator Tν on Ck(G) by

(Tνf)(ξ) =
∫

G
f(ξη) dν(η), for f ∈ Ck(G), ξ ∈ G.

Then Tν : Ck(G) → Ck(G) is bounded.

Proof. Choose a basis X1, . . . , XN of the Lie algebra of G, and let XR
1 , . . . , X

R
N be the corre-

sponding right-invariant vector fields. Since f ∈ Ck(G) and the right-invariant vector fields act
as differential operators of order |I|, the map

(ξ, η) 7→ XR
I f(ξη)

is continuous on the compact space G × G for every multi-index I with |I| ≤ k. Since ν is a
finite measure, the Lebesgue dominated convergence theorem gives that for all ξ ∈ G,

XR
I (Tνf)(ξ) =

∫
G
XR

I f(ξη) dν(η).

Since G is compact and the integral is continuous in ξ, it follows that XR
I (Tνf) ∈ C0(G) for all

|I| ≤ k, which proves that Tνf ∈ Ck(G).
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Since the right translation ξ 7→ ξη is a diffeomorphism of G onto itself, it follows that

sup
ξ∈G

|XR
I f(ξη)| = sup

g∈G
|XR

I f(g)| = ∥XR
I f∥C0(G).

Consequently,
∥XR

I (Tνf)∥C0(G) ≤ ν(G)∥XR
I f∥C0(G).

Finally, since {XR
1 , . . . , X

R
N } forms a global frame of the tangent bundle, the standard Ck

norm on G is equivalent to
∑

|I|≤k∥XR
I (·)∥C0(G). Summing the above estimate over all |I| ≤ k

yields
∥Tνf∥Ck(G) ≤ ν(G)∥f∥Ck(G).

Thus, Tν : Ck(G) → Ck(G) is bounded. □

We are now ready to lift T to a convolution on SO(n) and apply Lemma 3.2.

Proposition 3.3. For every integer k ≥ 0, there exists a constant C = C(n, k) > 0 such that

∥ T f∥Ck(Sn−1) ≤ C∥f∥Ck(Sn−1), for each f ∈ Ck(Sn−1).

Proof. Let G = SO(n) and let π : G → Sn−1 be given by π(ξ) = ξen, where en = (0, 0, . . . , 1).
For f ∈ Ck(Sn−1), define its pullback f̃ = f ◦ π ∈ Ck(G). Let E = {θ ∈ Sn−1 : ⟨θ, en⟩ ≥ 0}.

First, we construct a finite positive Borel measure ν on G such that its pushforward satisfies
π∗ν = Hn−1|E . Indeed, let mG be the Haar probability measure on G. Since π(ξ) = ξen identifies
Sn−1 with G/SO(n − 1), the pushforward π∗mG is precisely the normalized rotation-invariant
measure on Sn−1, that is,

π∗mG = 1
Hn−1(Sn−1)Hn−1.

For any Borel set B ⊂ G, define

ν(B) = Hn−1(Sn−1)mG

(
B ∩ π−1(E)

)
.

Then ν(G) = 1
2Hn−1(Sn−1) < ∞, and for any Borel set A ⊂ Sn−1,

π∗ν(A) = Hn−1(Sn−1)mG(π−1(A ∩ E)) = Hn−1(A ∩ E).

Thus, π∗ν = Hn−1|E .
By the SO(n)-invariance of the spherical measure and the identity π∗ν = Hn−1|E , for any

ξ ∈ G we have

T̃ f(ξ) = T f(ξen) =
∫

ξE
f(θ) dHn−1(θ) =

∫
E
f(ξθ) dHn−1(θ)

=
∫

G
f(ξηen) dν(η) =

∫
G
f̃(ξη) dν(η) = Tν f̃(ξ).

Since π : G → Sn−1 is a smooth submersion with compact fibre SO(n − 1), there exists δ > 0
such that for every f ∈ Ck(Sn−1),

δ∥f̃∥Ck(G) ≤ ∥f∥Ck(Sn−1) ≤ δ−1∥f̃∥Ck(G).
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By Lemma 3.2, the operator Tν is bounded on Ck(G). Thus,

∥ T f∥Ck(Sn−1) ≤ δ−1∥T̃ f∥Ck(G) = δ−1∥Tν f̃∥Ck(G) ≤ δ−1C ′∥f̃∥Ck(G) ≤ δ−2C ′∥f∥Ck(Sn−1).

Let C = δ−2C ′. This completes the proof. □

3.3. Morse functions and their stability. We first recall the basic definitions; see, e.g.,
Milnor [16] for further background. Let M be a smooth manifold and f ∈ C2(M). If df(p) = 0,
then p is called a critical point of f . Let (xi) be local coordinates around p. The Hessian of f
at p, denoted by HessM f(p), is the symmetric bilinear form on TpM whose matrix with respect
to the coordinate basis

(
∂

∂xi |p
)

i
is (

∂2f

∂xi∂xj
(p)
)

i,j

.

A critical point p is called nondegenerate if this matrix is invertible.

Definition 3.4. Let M be a smooth manifold and f ∈ C2(M). The function f is called a Morse
function if every critical point of f is nondegenerate.

The property of being Morse is invariant under diffeomorphisms. More precisely, given a
diffeomorphism Φ : N → M , a function f : M → R is Morse if and only if f ◦ Φ : N → R is
Morse. Moreover, if f has critical points {pi}, then f ◦ Φ has critical points {Φ−1(pi)}.

Our proof of Theorem 1.1 will use the stability of the number of critical points of Morse
functions under sufficiently small perturbations in the C2 topology. We first establish this
stability in a local setting.

Lemma 3.5. Suppose U ⊆ Rn is open and f ∈ C2(U). If f has exactly one nondegenerate
critical point p ∈ U , then there exist a real number δ > 0 and an open ball V with p ∈ V and
V̄ ⊂ U , such that for every g ∈ C2(U) satisfying ∥g − f∥C2(V̄ ) < δ, the function g has exactly
one nondegenerate critical point in V .

Proof. Without loss of generality, assume that p = 0. Since ∇2f(0) is nonsingular, by continuity
there exists an open ball V centered at 0 with V̄ ⊂ U such that ∇2f is nonsingular on V̄ .
Shrinking V if necessary, we may also assume that ∇f ̸= 0 on ∂V.

Step 1. Show that there is a point x ∈ V such that x is a nondegenerate critical point of g.
By the continuity of ∇2f and compactness of V̄ , we choose δ > 0 small enough that for every

g ∈ C2(U) with ∥g − f∥C2(V̄ ) < δ, the following claims (i) and (ii) hold for all t ∈ [0, 1].
(i). ∇f + t∇(g − f) ̸= 0 on ∂V ;
(ii). ∇2f + t∇2(g − f) is nondegenerate on V̄ .

Let
F (t, x) = ∇f(x) + t∇(g − f)(x), for (t, x) ∈ [0, 1] × V.

We aim to show that F (1, x) = 0 for some x ∈ V . Let

S = {t ∈ [0, 1] : there exists x ∈ V such that F (t, x) = 0}.
12



Clearly 0 ∈ S since F (0, 0) = 0. In the following, we prove that S is open and closed.
Assume t0 ∈ S, and choose x0 ∈ V such that F (t0, x0) = 0. Then

∇2f(x0) + t0∇2(g − f)(x0)

is nondegenerate by the choice of δ. Since x0 ∈ V and V is open, by the implicit function
theorem, there exists a neighborhood N (t0) of t0 in [0, 1] such that for every t ∈ N (t0), there
exists an x ∈ V that solves F (t, x) = 0. So, N (t0) ⊆ S, and S is open in [0, 1].

Assume tj ∈ S and tj → t. Choose xj ∈ V such that F (tj , xj) = 0. By compactness, after
passing to a subsequence, xj → x ∈ V̄ . By continuity of F , we have F (t, x) = 0. If x ∈ ∂V , this
contradicts (i). Thus, x ∈ V , and S is closed in [0, 1].

Hence, S is nonempty, open and closed, and therefore S = [0, 1]. In particular, 1 ∈ S, as
desired. Moreover, by (ii), the Hessian of g is nondegenerate at any critical point of g in V .

Step 2. Show that there is exactly one x ∈ V with ∇g(x) = 0 for sufficiently small δ.
We argue by contradiction. For each m ∈ N, assume there exists gm ∈ C2(U) with ∥gm −

f∥C2(V̄ ) ≤ 1
m and two distinct points xm, ym ∈ V such that ∇gm(xm) = ∇gm(ym) = 0. Then

limm→∞ xm = 0. Otherwise, there exists a subsequence of {xm} converging to x ∈ V̄ \ {0} with
∇f(x) = 0, contradicting the assumption. Similarly, limm→∞ ym = 0.

Set
um := xm − ym

∥xm − ym∥
, m ∈ N.

Since V̄ is compact, ∇2f is uniformly continuous on V̄ . Since xm, ym → 0, we have

(3.1) sup
0≤t≤1

∥∥∥∇2f(ym + t(xm − ym)) − ∇2f(0)
∥∥∥ ≤ ω∇2f (max(∥xm∥, ∥ym∥)) → 0, as m → ∞,

where ω∇2f is the modulus of continuity of ∇2f on V̄ . So

∇gm(xm) − ∇gm(ym)
∥xm − ym∥

=
∫ 1

0
∇2gm(ym + t(xm − ym))um dt

=
∫ 1

0
∇2f(ym + t(xm − ym))um dt+O

( 1
m

)
= ∇2f(0)um + o(1),

where we used ∥gm − f∥C2(V̄ ) ≤ 1
m for the second equality and (3.1) for the last equality.

However,
∥∇2f(0)um∥ ≥ ∥(∇2f(0))−1∥−1,

where ∥ · ∥ is the operator norm. Hence

0 = lim inf
m→∞

∥∥∥∥∇gm(xm) − ∇gm(ym)
∥xm − ym∥

∥∥∥∥ ≥ ∥(∇2f(0))−1∥−1 > 0,

a contradiction. □

Proposition 3.6. Let M be a compact smooth manifold without boundary and let f ∈ C2(M)
be Morse. Then there exists δ > 0 such that every g ∈ C2(M) with ∥g − f∥C2(M) < δ is also
Morse and has exactly the same number of critical points as f .
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Proof. The critical set of f is closed and, since f is Morse, discrete. It is therefore a compact
discrete set and hence finite. The assumption ∂M = ∅ first ensures that the maximum and
minimum points of f , which exist by compactness, are interior points and hence critical points.
Thus, the set of critical points is nonempty; denote it by {p1, . . . , pℓ}, where ℓ ≥ 1.

The assumption ∂M = ∅ is also used here: it guarantees that every pj has a coordinate
neighborhood modeled on an open subset of Rdim M , rather than on a half-space, so that the local
stability result in Lemma 3.5 applies. Choose pairwise disjoint coordinate neighborhoodsQj of pj

such that pj is the only critical point of f in Qj . Fix coordinate maps ϕj : Qj → ϕj(Qj) ⊂ Rdim M

with ϕj(pj) = 0, and shrinkQj so that the Hessian of f◦ϕ−1
j is nondegenerate throughout ϕj(Qj).

For each j, Lemma 3.5, applied to f ◦ϕ−1
j , gives an open ball Vj with V̄j ⊂ ϕj(Qj) and a number

ηj > 0 such that every q ∈ C2(ϕj(Qj)) satisfying

∥q − f ◦ ϕ−1
j ∥C2(V̄j) < ηj

has exactly one nondegenerate critical point in Vj . Since there are only finitely many charts and
restriction and pullback by each fixed coordinate map are continuous in the C2 topology, there
exists δ0 > 0 such that ∥g− f∥C2(M) < δ0 implies all of these local inequalities with q = g ◦ϕ−1

j .
Consequently, g has exactly one nondegenerate critical point in each

Uj := ϕ−1
j (Vj).

Let F = M \
⋃ℓ

j=1 Uj . If F = ∅, the conclusion follows by taking δ = δ0. Otherwise, fix a
Riemannian metric on M . Since F is compact and df does not vanish on F , we have

m := min
x∈F

∥df(x)∥ > 0.

Choose δ1 > 0 such that ∥g−f∥C2(M) < δ1 implies ∥d(g−f)∥C0(M) < m/2. Then ∥dg(x)∥ ≥ m/2
for every x ∈ F , so g has no critical point in F . Taking δ = min{δ0, δ1}, we conclude that g has
exactly ℓ critical points, all of which are nondegenerate. □

Remark 3.7. The fact that a sufficiently small C2 perturbation of a Morse function is again
Morse is standard. For the proof of Theorem 1.1, however, we need the stronger conclusion
that the perturbation has exactly the same number of critical points. Since this strengthened
statement is not always stated explicitly in standard references, we have included a proof for
completeness.

3.4. Proof of Theorem 1.1. The central ingredient is a smooth odd Morse function on Sn−1

with exactly two critical points and vanishing degree-one component. We first construct this
function and then use the hemispherical transform to build the required convex body directly
in the proof of Theorem 1.1.

Lemma 3.8. Let n ≥ 3. There exists a smooth even function α : [−1, 1] → R such that

(3.2)
∫ 1

−1
(1 − t2)(n−1)/2eiα(t) dt = 0.

14



Proof. Let w(t) = (1 − t2)(n−1)/2, W =
∫ 1

0 w(t) dt, and

s(t) = W−1
∫ t

0
w(τ) dτ, 0 ≤ t ≤ 1.

Then s is smooth in (0, 1) and increasing on [0, 1], with s(0) = 0 and s(1) = 1.

r

a(r)

0 1
6

1
3

1
2

2
3

5
6

1

π

2π

Figure 1. Graph of the function a.

Let a ∈ C∞([0, 1]) be as in Figure 1. In particular, we require that a = 0 near 0; a = π near
1
2 ; a = 2π near 1; and

(3.3) a(x+ 1
2) = π + a(x) for all x ∈ [0, 1

2].

Define α(t) = a(s(t)) for 0 ≤ t ≤ 1, and extend it evenly to [−1, 1]. Since a is constant near
0 and 1, the extension is globally smooth. Using w(t) dt = W ds(t) and (3.3), we have∫ 1

−1
w(t)eiα(t) dt = 2W

∫ 1

0
eia(r) dr = 2W

∫ 1
2

0
eia(r) dr + 2W

∫ 1
2

0
ei(π+a(r)) dr = 0.

This proves the lemma. □

Now we construct the desired Morse function f . We start with an odd linear function that is
Morse with exactly two nondegenerate critical points but has a nonzero degree-one component.
We then compose it with a suitably odd diffeomorphism of the sphere, which preserves the Morse
property and the number of critical points while arranging for the first moment to vanish.

Fix n ≥ 3. Write each point u of Sn−1 ⊂ Rn as

u = (x1, x2, y, t) ∈ R ⊕ R ⊕ Rn−3 ⊕ R, x2
1 + x2

2 + |y|2 + t2 = 1.

We regard t as the altitude coordinate of u. The construction rotates the (x1, x2)-plane by an
angle α(t) determined by Lemma 3.8.

Lemma 3.9. Let n ≥ 3. There exists a Morse function f ∈ C∞
odd(Sn−1) which has exactly two

critical points p and −p, and satisfies
∫
Sn−1 uf(u) dHn−1(u) = 0.

Proof. We divide the proof into two steps.
Step 1. Construct a Morse function f .
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Let α be as in Lemma 3.8. For θ ∈ R, write

ϕθ =
(

cos θ − sin θ
sin θ cos θ

)
.

Define
Φ : Sn−1 → Sn−1, Φ(x1, x2, y, t) = (ϕα(t)(x1, x2), y, t).

Then Φ is a smooth diffeomorphism, with inverse obtained by replacing α(t) by −α(t). Since α
is even, Φ is odd. Let f be the first coordinate of Φ, i.e.,

f(x1, x2, y, t) = x1 cosα(t) − x2 sinα(t), (x1, x2, y, t) ∈ Sn−1.

Step 2. Show that f is the desired function.
By the construction, f = x1 ◦ Φ. Since the function x1 is Morse with exactly two critical

points (±e1 = (±1, 0, . . . , 0)) and Φ is a diffeomorphism, f = x1 ◦ Φ is Morse with precisely the
two critical points Φ−1(e1) and Φ−1(−e1). Also, f is odd and smooth because both x1 and Φ
are odd and smooth. It remains to prove that the first moment of f vanishes. For

u = (x1, x2, y, t) ∈ Sn−1 \ {±en},

write
v = (v1, . . . , vn−1) = (x1, x2, y)√

1 − t2
∈ Sn−2.

Then ui =
√

1 − t2 vi for 1 ≤ i ≤ n− 1, un = t, and

f(u) =
√

1 − t2
(
v1 cosα(t) − v2 sinα(t)

)
.

So∫
Sn−1

unf(u) dHn−1(u) =
∫
Sn−2

∫ 1

−1
t
(
v1 cosα(t) − v2 sinα(t)

)
(1 − t2)

n−2
2 dt dHn−2(v) = 0,

where the last equality holds because α is even; for 1 ≤ i ≤ n− 1,∫
Sn−1

uif(u) dHn−1(u)

=
∫
Sn−2

∫ 1

−1
vi
(
v1 cosα(t) − v2 sinα(t)

)
(1 − t2)(n−1)/2 dt dHn−2(v)

=2
∫
Sn−2

vi

∫ 1

0

(
v1 cosα(t) − v2 sinα(t)

)
(1 − t2)(n−1)/2 dt dHn−2(v) = 0,

where the last equality follows from the real and imaginary parts of (3.2). Therefore,∫
Sn−1

uf(u) dHn−1(u) = 0

and the lemma follows. □

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Lemmas 2.6 and 2.7 give µ(2) = 3, and Lemma 2.2 gives µ(n) ≥ 1 for
all n ≥ 3. It therefore suffices to prove µ(n) ≤ 1 for n ≥ 3. Fix n ≥ 3. We will construct a
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family of smooth strictly convex bodies in Rn with exactly one hyperplane section whose centroid
coincides with that of the entire body, proving µ(n) ≤ 1.

Step 1. We present the construction of the desired family of convex bodies in this first step.
By Lemma 3.9, there exists a function f ∈ C∞

odd(Sn−1) that is Morse, has exactly two critical
points, and satisfies ∫

Sn−1
uf(u) dHn−1(u) = 0.

By Proposition 3.1, the hemispherical transform is an isomorphism on smooth odd functions.
Hence

h := T−1 f

is a smooth odd function on Sn−1. For all sufficiently small ε > 0, we have 1 + εh > 0, and we
define

(3.4) Kε =
{
ru : u ∈ Sn−1, 0 ≤ r ≤ (1 + εh(u))1/(n+1)

}
.

We will show that for all sufficiently small ε > 0, Kε has exactly one hyperplane section whose
centroid coincides with the centroid of Kε itself.

Step 2. We claim that Kε is smooth and strictly convex for all sufficiently small ε > 0.
Indeed, Lemma 2.5, applied with β = 1/(n+ 1), gives

(1 + εh)1/(n+1) = 1 + ε

n+ 1h+O(ε2) in C2(Sn−1).

Consequently, the radial function

ρKε(u) = (1 + εh(u))1/(n+1)

converges to the radial function 1 of the Euclidean unit ball in the C2 topology. Lemma 2.4
therefore shows that, for all sufficiently small ε > 0, Kε is a smooth convex body with positive
Gauss curvature everywhere, and hence is strictly convex.

Step 3. We show that c(Kε) = 0. The vanishing first moment of f is equivalent, by (2.2), to
the absence of a degree-one spherical harmonic component. Since Th = f , the last assertion of
Proposition 3.1 implies that h also has no degree-one component. Therefore,

(3.5)
∫
Sn−1

uh(u) dHn−1(u) = 0.

Using polar coordinates and (3.4), we obtain∫
Kε

x dHn(x) =
∫
Sn−1

(∫ ρKε (u)

0
u tn dt

)
dHn−1(u)

= 1
n+ 1

∫
Sn−1

uρKε(u)n+1 dHn−1(u)

= 1
n+ 1

∫
Sn−1

u(1 + εh(u)) dHn−1(u) = 0,

where the last equality follows from (3.5) and the symmetry of Sn−1. Thus, c(Kε) = 0.
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Step 4. We prove that Kε has exactly one hyperplane section whose centroid coincides with
the centroid of Kε itself. By formula (2.1) and Lemma 2.5, now applied with β = n/(n+ 1), the
half-space volume function of Kε satisfies

AKε = 1
n

T
(
(1 + εh)n/(n+1)

)
= 1
n

T
(

1 + n

n+ 1εh+Rε

)
= Hn−1(Sn−1)

2n + ε

n+ 1f + 1
n

T(Rε),(3.6)

where ∥Rε∥C2(Sn−1) = O(ε2). Define

gε = n+ 1
ε

(
AKε − Hn−1(Sn−1)

2n

)
.

The C2 boundedness of the hemispherical transform in Proposition 3.3, together with (3.6),
yields

(3.7) ∥gε − f∥C2(Sn−1) = n+ 1
nε

∥ T(Rε)∥C2(Sn−1) = O(ε).

Since f is Morse with exactly two critical points, Sn−1 is a compact smooth manifold without
boundary, and (3.7) shows that gε → f in C2(Sn−1), Proposition 3.6 applies. Thus, gε has
exactly two critical points for every sufficiently small ε > 0. The functions gε and AKε differ
only by a positive affine rescaling, so AKε also has exactly two critical points.

For every u ∈ Sn−1,
AKε(−u) = Hn(Kε) −AKε(u).

Thus, the critical points of AKε occur in antipodal pairs. Denote the two critical points by uε

and −uε. By Lemma 2.1, both correspond to a centroidal section, and they determine the same
hyperplane u⊥

ε . Conversely, if an arbitrary affine hyperplane section of Kε has centroid o, then
the hyperplane itself contains o and is therefore of the form v⊥ for some v ∈ Sn−1. Lemma 2.1
then forces v to be a critical point of AKε . Hence Kε ∩ u⊥

ε is the unique hyperplane section
whose centroid agrees with c(Kε) = o.

□
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